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Abstract
Stabilization of multibody drill-strings which exhibit stick-slip oscillations is studied in
this paper from the point of view of underactuated system. The model has one control
torque input acting on the rotary table from the land surface and multi-degree-of-freedom
downhole parts to be controlled. Three motion regimes of the model including bit sticking,
stick-slip oscillation, and rotating at a constant speed are identied and their equilibria
are analyzed accordingly. The control objective of the system is to avoid the undesired bit
sticking and stick-slip oscillation while tracking a desired angular velocity. Three sliding-
mode controllers are studied for the drill-string with estimated physical parameters. The
stabilities of the proposed controllers are proved by using the Lyapunov direct method
ensuring that any trajectory of the system can reach and stays thereafter on the pre-
designed sliding surface where the desired equilibrium is asymptotically stable. Extensive
simulation results are given to demonstrate the eectiveness of the proposed controllers
and their robustness to parametric uncertainties.
Keywords: drill-string, underactuated system, stick-slip, sliding-mode control,
parametric uncertainty
1. Introduction
For conventional rotary drilling, the entire drill-string is driven by a rotary table from
the land surface actuated by an electrical motor with a mechanical transmission box
(see Fig. 1). The drill-string consists of a series of hollow drill pipes followed by the
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bottom-hole assembly (BHA) which comprises several relatively thicker drill collars, with
a number of intermediate stabilizers, terminating with a drill bit. The drill collars are
relatively heavier and stier than drill pipes for preventing the drill-string from underbal-
ancing which also provide necessary thrust force for drilling progression. The drill-string
may run several kilometres deep, while its diameter typically does not exceed 0:3 metres
[1]. This extreme slenderness of the drill-string makes it prone to exhibit complex dy-
namical phenomena which include undesired oscillations. Stick-slip, bit bouncing, and
whirl motions are three main harmful oscillations that must be suppressed during drilling
operation. Indeed, stick-slip oscillations exist in the 50% of drilling time [2], and the
whipping and high speed rotations of the bit in the slip phase may cause both severe bit
bouncing phenomena and whirl motion at the BHA [3].
This paper studies the stick-slip oscillations of drill-string using a lumped-parameter
model, and proposes to use sliding-mode control method to suppress the oscillation when
the physical parameters of the drill-string in extreme rough circumstance are unknown.
Due to the speed-dependent nature of the contact force at the bit-rock interface, downhole
conditions, e.g. signicant drag or sudden change of drilled formation may cause the drill
bit to stall in the formation while the rotary table above the land surface continues to
rotate. When the trapped torsional energy at the motionless drill bit reaches a limit,
the drill bit suddenly becomes loose, rotating and whipping at a very high speed. The
consequence of the stick-slip oscillation is that the rotary speed of the drill bit varies from
zero up to several times the rotary speed of the rotary table which reduces penetration rate
and increases costly failures. An example of stick-slip oscillations of a drill-string is shown
in Fig. 2 using time histories of angular velocities of the rotary table (marked by black
dash line) and the drill bit (shown by red solid line) driving by a constant control torque.
As can be seen from the gure, the bit is stuck at the beginning due to friction. Once the
driving torque on bit is greater than the torque of friction, the bit suddenly becomes loose
and rotates drastically. After a short while, the rotary speed of the bit reduces and the bit
is stuck again. The stick-slip motion can generate a torsional wave that travels up the drill-
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Figure 1: Schematic view of an oilwell drilling rig.
string to the land surface which oscillates the rotary table accordingly. This behaviour is
harmful not only for damaging the top drive system but also for causing uncontrollable
bit motions in both axial and lateral directions. Therefore the control objective for the
drill-string is to make the drill bit suppress the stick-slip oscillation whilst tracking a
desired constant angular velocity with the presence of unknown parameters and downhole
frictions.
The schematics of the drill-string is presented in Fig. 3(a), and its simplied lumped-
parameter model is shown in Fig. 3(b). The literature using the lumped-parameter
model for control purpose is vast, e.g. [4, 5, 6, 7, 8]. Navarro-Lopez and Cortes [4]
used a generic lumped-parameter model to analyze self-excited stick-slip oscillations at
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Figure 2: The stick-slip oscillations of a drill-string: time histories of angular velocities of the rotary
table (marked by black dash line) and the drill bit (shown by red solid line) driving by a constant control
torque.
the drill bit by identifying the ranges of key drilling parameters for which non-desired
torsional oscillations can be avoided. In [5], Navarro-Lopez and Liceaga-Castro proposed
a dynamical sliding-mode controller to avoid dierent bit sticking problems appearing
in the model. Canudas-de-Wit et al. [6] proposed to use the weight on bit (WOB)
as a control variable for extinguishing stick-slip oscillations. In [7], a control approach
based on the modelling error compensation technique was studied in order to provide
robustness against uncertain parameters and frictions. Karkoub et al. [8] addressed
the problem of suppressing stick-slip oscillations using the -synthesis control technique
which allowed for modelling errors in terms of uncertain WOB. However the dynamic
model of the drill-string has to be linearized around an operating point for applying
the -synthesis technique. So the performance of the controller cannot be guaranteed
if more underactuated degrees of freedom are considered. As manipulating the WOB
in downhole environment could be problematic, this paper proposes to use sliding-mode
control strategy to suppress the stick-slip oscillation by applying torque control to the
rotary table only. The dierence between the existing sliding-mode controllers, e.g. [5, 9,
10] and the proposed one is that the latter has tolerance for parameter uncertainties and
is robust to the variation of WOB as measuring all these physical parameters precisely in
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Figure 3: Schematics of (a) a drill-string and (b) a simplied drill-string model
borehole is unrealistic.
The drill-string is an underactuated system [11] as it has one control torque input ac-
tuating on the rotary table from the ground and multi-degree-of-freedom downhole parts
comprising the drill pipes, the drill collars and the drill bit to be controlled. For tradi-
tional underactuated systems, friction is always omitted or simplied despite it plays a
signicant role in some engineering applications, e.g. [12, 13]. For underactuated drill-
strings, a comprehensive friction model is vital for depicting bit-rock contact in borehole
but meanwhile will induce undesired motion regimes, i.e. bit sticking and stick-slip oscil-
lation, and the existence of these regimes depends on the WOB and the control torque
input. Compared to traditional underactuated systems, the drill-string has dierent equi-
libria for these regimes and the proposed control method should allow its trajectory track
a desired equilibrium within a desired regime while avoiding the other undesired ones. In
addition, the variation of the WOB during drilling aects the existence of the undesired
regimes which can result in severe drilling failure. So a proper control design which is not
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only able to track a desired equilibrium but also has robustness to the variation of system
parameter in a dynamic varying environment is crucial.
In recent years, sliding-mode control of underactuated systems has focused on some
specic systems, such as surface vessel [14, 15], wheeled inverted pendulum [16], mobile
robot [17], and crane system [18, 19], as well as for a class of underactuated systems,
e.g. [20, 21, 22, 23, 24]. In [20], a sliding-mode controller was proposed for a class of
underactuated multibody systems, and the stability of the sliding surface based on the
equilibrium manifold was discussed. In [21], a sliding-mode control approach which can
globally stabilize all degrees of freedom including the degrees which were indirectly ac-
tuated through the nonlinear coupling was studied for a class of underactuated systems.
In [22], a hybrid sliding-mode controller was studied for a class of underactuated systems
with dry friction. The method allows to control the actuated and unactuated links sep-
arately with known friction level at the unactuated link. In [23], Sankaranarayanan and
Mahindrakar proposed a switching surface design for a class of underactuated systems,
and studied a switched algorithm to make the system state reach the surface in nite
time using conventional higher order sliding-mode controller. Lopez-Martnez et al. [24]
proposed a nonlinear sliding surface design through a ctitious output which provided
the minimum-phase property of a class of non-minimum phase underactuated systems.
In general, the basic idea of these methods is to alter the dynamics of the system by ap-
plying a discontinuous control input that makes the system state `slide' along a predened
surface, and then the system state tracks the desired trajectory by being restricted to the
surface. However the switching state of the system along the surface leads to chatter-
ing which cannot be implemented by practical systems. Thus two continuous switching
functions are proposed in this paper to replace the discontinuous function in traditional
sliding-mode controller conducting a chattering-free control. Although continuous switch-
ing functions have been used in many sliding-mode controllers, very few of them have been
applied to underactuated systems and no theoretical proof can be found.
The rest of this paper is organized as follows. In Section 2, the lumped-parameter
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model of an underactuated multibody drill-string is introduced. The friction model rep-
resenting rock-bit contact is studied, and the occurrence of the stick-slip phenomena is
explained. Three motion regimes of the model are identied and their corresponding
equilibria are analyzed. In Section 3, three sliding-mode controllers are studied and their
stabilities are proved by using the Lyapunov direct method. In Section 4, simulation
results are given to demonstrate the eectiveness of the proposed controllers and their
robustness to parametric uncertainties. Finally, conclusions are drawn in Section 5.
2. Drill-string model and its equilibria
2.1. The lumped-parameter model
The lumped-parameter model of a drill-string shown in Fig. 3(b) can be written as
J  + C _ +K + T = U; (1)
where  = [t; 1; 2; :::; n; r; b]
T 2 <(n+3)1 is the angular position of the lumped
mass, J = diag(Jt; Jp; Jp; ::: Jp| {z }
n
; Jr; Jb) 2 <(n+3)(n+3) is the inertia matrix, C 2
<(n+3)(n+3) is the torsional damping matrix given by
C =
2666666666666666664
cp + crt  cp 0 0 ::: 0 0 0 0
 cp 2cp  cp 0 ::: 0 0 0 0
0  cp 2cp  cp ::: 0 0 0 0
::: ::: ::: ::: ::: ::: ::: ::: :::
0 0 0 0 :::  cp cp + cr  cr 0
0 0 0 0 ::: 0  cr cr + cb  cb
0 0 0 0 ::: 0 0  cb cb + crb
3777777777777777775
;
K 2 <(n+3)(n+3) is the torsional stiness matrix given by
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K =
2666666666666666664
kp  kp 0 0 ::: 0 0 0 0
 kp 2kp  kp 0 ::: 0 0 0 0
0  kp 2kp  kp ::: 0 0 0 0
::: ::: ::: ::: ::: ::: ::: ::: :::
0 0 0 0 :::  kp kp + kr  kr 0
0 0 0 0 ::: 0  kr kr + kb  kb
0 0 0 0 ::: 0 0  kb kb
3777777777777777775
;
T = [0; 0; :::; Tb]
T 2 <(n+3)1 is the torque of friction, and U = [u; 0; :::; 0]T 2 <(n+3)1
is the control torque input.
Eq. (1) simplies the torsional model of a conventional drill-string which includes a
rotary table with the inertia Jt, a series of drill pipes with the inertia Jp for each pipe, a
drill collar with the inertia Jr, and a drill bit with the inertia Jb. Torsional stiness kp and
damping cp are considered between the connection of each lumped mass from the rotary
table to the nth drill pipe. The torsional stiness and damping between the nth drill pipe
and the drill collar are kr and cr, respectively. The torsional stiness and damping between
the drill collar and the drill bit are kb and cb, respectively. The control input of the drill-
string is the drive torque u from the electrical motor at the land surface, and a viscous
damping torque crt _t is considered on the rotary table corresponding to the lubrication
of the mechanical elements of the top drive system, where crt is the viscous damping
coecient. A viscous damping torque crb _b is considered on the drill bit representing the
inuence of the drilling mud on the bit. Tb is the torque of friction when the drill bit
contacts with the rock given by
Tb =
8>>>><>>>>:
r if j _bj <  and jrj  s;
ssgn(r) if j _bj <  and jrj > s;
bRbWob sgn( _b) if j _bj  :
(2)
The friction model contains the following three phases.
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 Sticking phase (j _bj <  and jrj  s): the bit velocity is less than a small positive
constant , and the reaction torque r is less or equals to the static friction torque
s, where
r = cb( _r   _b) + kb(r   b)  crb _b;
s = sbRbWob, sb is the static friction coecient, Wob is the WOB, and Rb is the
bit radius. In the sticking phase, the bit is stalled in borehole.
 Stick-to-slip transition phase (j _bj <  and jrj > s): the bit velocity is still less
than the constant , but the reaction torque r is greater than the static friction
torque s. So the drill bit just begins to rotate from stationary.
 Slip phase (j _bj  ): the calculation of frictional torque includes the eects of the
bit radius Rb, the WOB Wob, and the bit dry friction coecient b = cb + (sb  
cb)e
 bj _bj=vf , where cb is the Coulomb friction coecient, 0 < b < 1 is a constant
dening the velocity decrease rate of Tb, and vf is a velocity constant.
2.2. Analysis of equilibria
Let  b be a switching manifold
 b := f 2 <(n+3)1 : _b = 0g (3)
and ~ b be an attractive region
~ b := f 2  b : jcb _r + kb(r   b)j < sbRbWobg (4)
which is a subset of  b. Due to the presence of friction at the bit-rock interface, three
motion regimes for the drill-string driven by a constant torque can be identied:
 The bit is permanently stuck in borehole, i.e. for 8t > tsb,  2 ~ b, where tsb is the
time that system trajectory reaches ~ b and stays in the region thereafter;
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 The bit is in stick-slip oscillations, i.e. the trajectory of the drill-string enters and
leaves ~ b repeatedly;
 The bit moves at a positive constant speed.
Let us dene a new state of the system as
x = [ _t; t   1; _1; 1   2; :::; _n; n   r; _r; r   b; _b]T :
The regime of bit sticking has an asymptotically stable equilibrium given by
xs = [0;
u
kp
; 0; u
kp
; :::; 0; u
kp
; 0; u
kr
; 0; u
kb
; 0]T ;
and the standard equilibrium when the bit moves at a positive constant speed is
xc = [
c;
h
kp
;
c;
h
kp
; :::;
c;
h
kp
;
c;
h
kr
;
c;
h
kb
;
c]
T ;
where 
c is a constant speed depending on Wob and u, h =
crtTb(
c;Wob)+crbu
(crt+crb)
, and (crt +
crb)
c + Tb(
c;Wob) = u which can be obtained from Eq. (1).
The control objective for the drill-string is to avoid the regimes of bit sticking and stick-
slip oscillation whilst tracking a desired constant angular velocity 
d using the control
input u only with estimated physical parameters. It is worth noting that the standard
equilibrium is locally asymptotically stable depending on Wob, u, and 
c, and the loss of
stability is due to the presence of Hopf bifurcations [5]. The desired angular velocity 
d
has to be chosen away from the bifurcation velocity 
 (i.e. 
d > 
). Therefore in the
following control design, we assume that (1) Wob is small enough and (2) u is suciently
large so that the desired velocity 
d exists.
Fig. 4 presents a series of bifurcation diagrams showing the evolution of the motion
regimes for the drill-string with n = 4 under variation of WOB. The simulations were
run for 300 seconds and the data for the rst 200 seconds were omitted to ensure the
10
Figure 4: Bifurcation diagrams for the drill-string with n = 4 for varying the control torque, u with (a)
Wob = 20 kN; (b) Wob = 30 kN; (c) Wob = 40 kN; and (d) Wob = 50 kN.
steady state response, whereas the next 100 seconds of the bit velocity were plotted in the
bifurcation diagrams for each value of the constant control torque. As can be seen from
Fig. 4(a), the bit is stuck in borehole when the constant control torque is small, and the
regime of stick-slip oscillation is observed once the control torque is increased. When the
control torque is suciently large, the bit rotates at a constant positive speed. From Fig.
4(b)-(d), it can be seen that the existing ranges of the undesired regimes are enlarged due
to the increase of WOB. This observation conrms that the equilibria of the drill-string
are dependent on WOB and the desired angular velocity 
d has to be chosen as 
d > 


which ensures that the desired equilibrium is locally asymptotically stable.
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3. Sliding-mode control
For the purpose of control design, the new state of the system is dened as
x = [ _t; t   1; _1; 1   2; :::; _n; n   r; _r; r   b; _b]T
= [x1; x2; x3; x4; :::; x2n+1; x2n+2; x2n+3; x2n+4; x2n+5]
T ;
and the drill-string model in Eq. (1) can be rewritten as
_x1 = J
 1
t [u  (cp + crt)x1 + cpx3   kpx2];
_x2 = x1   x3;
_x3 = J
 1
1 (cpx1   2cpx3 + cpx5 + kpx2   kpx4);
_x4 = x3   x5;
:::
_x2n+1 = J
 1
n [ cpx2n 1   (cp + cr)x2n+1 + crx2n+3 + kpx2n   krx2n+2];
_x2n+2 = x2n+1   x2n+3;
_x2n+3 = J
 1
r [ crx2n+1   (cr + cb) x2n+3 + cbx2n+5 + krx2n+2   kbx2n+4];
_x2n+4 = x2n+3   x2n+5;
_x2n+5 = J
 1
b [ cbx2n+3   (cb + crb) x2n+5 + kbx2n+4   Tb]:
(5)
Dene the sliding surface as
s = (x1   
d) + 
Z t
0
(x1   
d) d + 
Z t
0
(x1   x2n+5) d; (6)
where  is a positive constant selected by designer, and the time derivative of the sliding
surface can be written as
_s = _x1 +  (x1   
d) +  (x1   x2n+5): (7)
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Substituting _x1 in Eq. (7) using the new state vector gives
_s = J 1t [u  (cp + crt)x1 + cpx3   kpx2] +  (x1   
d) +  (x1   x2n+5): (8)
The ideal controller without any parametric uncertainties can be derived from the solution
of _s = 0 as
uideal = (cp + crt)x1   cpx3 + kpx2   Jt (x1   
d)  Jt (x1   x2n+5): (9)
Now dene the sliding-mode controller as
u = ueq + usw; (10)
where ueq is the equivalent control, and usw is the switching control of the sliding-mode
controller. The equivalent control is obtained from Eq. (9) as
ueq = (c^p + c^rt)x1   c^px3 + k^px2   J^t (x1   
d)  J^t (x1   x2n+5); (11)
where \^" indicates the estimated model parameter, and the switching control is given
by
uIsw =  sgn(s); (12)
where  is the reaching control gain associated with the upper bounds of uncertainties,
and the discontinuous sign function can be written as
sgn(s) =
8>>>><>>>>:
1 if s > 0;
0 if s = 0;
 1 if s < 0:
A general structure of the control system is shown in Fig 5. It is worth noting that the
control design in this paper assumes that all the required states of the system, x1, x2, x3,
13
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Figure 5: General structure of the proposed sliding-mode controller
and x2n+5, are directly measurable. In real practice, such a measurement is dicult due
to delays and noise in downhole and an observer-based controller is always preferable, e.g.
[25, 26]. However as this is outside of the scope of this paper, such results will be reported
in a separated publication in due course.
Theorem 1. If the upper bounds of the estimated model parameters are known as
jc^p   cpj Mcp; jc^rt   crtj Mcrt; jk^p   kpj Mkp; jJ^t   Jtj Mjt;
and the switching control gain is chosen as
 = Mcpjx1   x3j+Mcrtjx1j+Mkpjx2j+Mjt jx1   
dj+Mjt jx1   x2n+5j+ ; (13)
where  is a positive constant, by applying the sliding-mode control (10)-(12), any trajec-
tory of the system can reach and stays thereafter on the manifold s = 0 in nite time.
Proof. Let choose the following Lyapunov function
V = 1
2
Jts
2; (14)
and the time derivative of V can be written as
_V = Jts _s: (15)
Substituting _s in Eq. (15) using Eq. (8) gives
_V = s[u  (cp + crt)x1 + cpx3   kpx2 + Jt (x1   
d) + Jt (x1   x2n+5)]; (16)
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Applying the sliding-mode control (10), Eq. (16) becomes
_V = s[(c^p   cp)(x1   x3) + (c^rt   crt)x1 + (k^p   kp)x2
+(Jt   J^t) (x1   
d) + (Jt   J^t) (x1   x2n+5)  sgn(s)]:
(17)
Since the switching control gain is chosen as Eq. (13), the time derivative of V can be
rewritten as
_V = s[(c^p   cp)(x1   x3) + (c^rt   crt)x1 + (k^p   kp)x2
+(Jt   J^t) (x1   
d) + (Jt   J^t) (x1   x2n+5)
 Mcpjx1   x3jsgn(s) Mcrtjx1jsgn(s) Mkpjx2jsgn(s)
 Mjt jx1   
djsgn(s) Mjt jx1   x2n+5jsgn(s)   sgn(s)]
   jsj  0:
(18)
So by applying the sliding-mode controller (10)-(12) with the reaching control gain (13),
the trajectory of the drill-string can reach and stays thereafter on the manifold s = 0 in
nite time.
Proposition 1. Once the trajectory of the drill-string stays on the manifold s = 0, the
state of the system asymptotically converges to the desired equilibrium
x = [x1; x2; x3; x4; :::; x2n+1; x2n+2; x2n+3; x2n+4; x2n+5]
T
= [
d;
h
kp
;
d;
h
kp
; :::;
d;
h
kp
;
d;
h
kr
;
d;
h
kb
;
d]
T ;
where h = crb
d + Tb(
d) is a positive constant.
Proof. Dene a new Lyapunov function
V = 1
2
[Jt(x1   x1)2 + kp(x2   x2)2 + J1(x3   x3)2 + kp(x4   x4)2
+ :::+ Jn(x2n+1   x2n+1)2 + kr(x2n+2   x2n+2)2
+Jr(x2n+3   x2n+3)2 + kb(x2n+4   x2n+4)2 + Jb(x2n+5   x2n+5)2];
(19)
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and its time derivative is written as
_V = Jt(x1   x1) _x1 + kp(x2   x2) _x2 + J1(x3   x3) _x3 + kp(x4   x4) _x4
+ :::+ Jn(x2n+1   x2n+1) _x2n+1 + kr(x2n+2   x2n+2) _x2n+2
+Jr(x2n+3   x2n+3) _x2n+3 + kb(x2n+4   x2n+4) _x2n+4
+Jb(x2n+5   x2n+5) _x2n+5:
(20)
Since the trajectory of the drill-string is on the sliding surface s = 0, the equivalent control
on the surface can be obtained from the solution of _s = 0 as
ueq = (cp + crt)x1   cpx3 + kpx2   Jt (x1   
d)  Jt (x1   x2n+5); (21)
which equals to the equivalent control in Eq. (11). Applying Eq. (5) and (21), Eq. (20)
becomes
_V =  crt(x1   
d)2   cp(x1   x3)2   cp(x3   x5)2 :::
 cr(x2n+1   x2n+3)2   cb(x2n+3   x2n+5)2   crb(x2n+5   
d)2:
(22)
Therefore _V  0, and _V = 0 only for x = x.
Remark 1. As when the system trajectory approaches to the manifold s = 0, it is switched
around the manifold by the discontinuous sign function in Eq. (12) which will induce
high-frequency chattering to the control torque input and thereby the drill-string state.
The chattering is harmful as such a high-frequency switching control could damage the top
drive system on the land surface and inuences drill-string stability.
In order to overcome this issue, the following theorem is proposed.
Theorem 2. If the modied switching control
uIIsw =  
s
jsj+    s; (23)
is applied, where  and  are small positive constants selected by designer, the tracking
errors of the drill-string are asymptotically bounded.
Proof. See Appendix.
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Remark 2. The parameter  can be selected as small as possible such that  ! 0 leading
to ksk ! 0 so that x! x. However if the parameter  is too small, the continuous function
s
jsj+ becomes discontinuous so that the chattering will be introduced to the system again.
Since the second switching control (23) is only asymptotically bounded not asymptot-
ically convergent, the following new switching control is proposed.
Theorem 3. If the switching control is chosen as
uIIIsw =   Mcpjx1 x3jsjsj+1 exp( 2 R j _x2jdt)   Mcrtjx1jsjsj+1 exp( 2 R jx1j dt)   Mkpjx2jsjsj+1 exp( 2 R jx2jdt)
  Mjtjx1 
djsjsj+1 exp( 2 R jx1 
dj dt)   Mjtjx1 x2n+5jsjsj+1 exp( 2 R jx1 x2n+5j dt)   s; (24)
where 1 and 2 are small positive constants selected by designer, the trajectory of the
drill-string will reach the sliding surface asymptotically, and the state of the system will
asymptotically converge to the desired equilibrium x.
Proof. In order to prove the stability of the third switching control (24), a new Lyapunov
function is dened as
V = 1
2
Jts
2 +Mcp
1
2
exp( 2
R j _x2j dt) +Mcrt 12 exp( 2 R jx1j dt)
+Mkp
1
2
exp( 2
R jx2j dt) +Mjt 12 exp( 2 R jx1   
dj dt)
+Mjt
1
2
exp( 2
R
jx1   x2n+5j dt):
(25)
From the strict denition of the Lyapunov function, although the new function (25) is
positive denite but not a legitimate Lyapunov function since 8t  0; V (0) 6= 0. So the
following additional state is introduced.
z = [ z1; z2; z3; z4; z5 ]
T ;
where
z1 =
q
2Mcp
1
2
exp( 2
R j _x2j dt)
z2 =
q
2Mcrt
1
2
exp( 2
R jx1j dt)
z3 =
q
2Mkp
1
2
exp( 2
R jx2j dt)
z4 =
q
2Mjt
1
2
exp( 2
R
jx1   
dj dt)
z5 =
q
2Mjt
1
2
exp( 2
R
jx1   x2n+5j dt):
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Thus Eq. (25) becomes
V = 1
2
Jts
2 + 1
2
zT z = 1
2
Jts
2 + 1
2
5X
i=1
z2i : (26)
As t ! 1, zi is exponentially convergent to zero leading to V ! 0 when s = 0. So
Eq. (26) is a legitimate Lyapunov function with state variables [ s; zT ]T , and the time
derivative of Eq. (26) is given by
_V = Jts _s Mcp 1j _x2j exp( 2
R j _x2j dt) Mcrt 1jx1j exp( 2 R jx1j dt)
 Mkp 1jx2j exp( 2
R jx2j dt) Mjt 1jx1   
dj exp( 2 R jx1   
dj dt)
 Mjt 1jx1   x2n+5j exp( 2
R
jx1   x2n+5j dt):
(27)
Applying the sliding-mode control (10) using the equivalent control (11) and the third
switching control (24), Eq. (27) becomes
_V = s[(c^p   cp)(x1   x3) + (c^rt   crt)x1 + (k^p   kp)x2 + (Jt   J^t) (x1   
d)
+(Jt   J^t) (x1   x2n+5)  Mcpjx1 x3jsjsj+1 exp( 2 R j _x2jdt)   Mcrtjx1jsjsj+1 exp( 2 R jx1j dt)
  Mkpjx2jsjsj+1 exp( 2 R jx2jdt)   Mjtjx1 
djsjsj+1 exp( 2 R jx1 
dj dt)   Mjtjx1 x2n+5jsjsj+1 exp( 2 R jx1 x2n+5j dt)   s]
 Mcp 1j _x2j exp( 2
R j _x2j dt)) Mcrt 1jx1j exp( 2 R jx1j dt)
 Mkp 1jx2j exp( 2
R jx2j dt) Mjt 1jx1   
dj exp( 2 R jx1   
dj dt)
 Mjt 1jx1   x2n+5j exp( 2
R
jx1   x2n+5j dt)
 j(c^p   cp)(x1   x3)sj+ j(c^rt   crt)x1sj+ j(k^p   kp)x2sj+ j(Jt   J^t) (x1   
d)sj
+j(Jt   J^t) (x1   x2n+5)sj   Mcpjx1 x3js
2
jsj+1 exp( 2
R j _x2jdt)   Mcrtjx1js2jsj+1 exp( 2 R jx1jdt)
  Mkpjx2js2jsj+1 exp( 2 R jx2jdt)   Mjtjx1 
djs2jsj+1 exp( 2 R jx1 
dj dt)   Mjtjx1 x2n+5js2jsj+1 exp( 2 R jx1 x2n+5j dt)   s2
 Mcp 1j _x2j exp( 2
R j _x2j dt)) Mcrt 1jx1j exp( 2 R jx1j dt)
 Mkp 1jx2j exp( 2
R jx2j dt) Mjt 1jx1   
dj exp( 2 R jx1   
dj dt)
 Mjt 1jx1   x2n+5j exp( 2
R
jx1   x2n+5j dt)
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 j(c^p   cp) 1(x1   x3)j exp( 2
R j _x2j dt) + j(c^rt   crt) 1x1j exp( 2 R jx1j dt)
+j(k^p   kp) 1x2j exp( 2
R jx2j dt) + j(Jt   J^t) 1(x1   
d)j exp( 2 R jx1   
dj dt)
+j(Jt   J^t) 1(x1   x2n+5)j exp( 2
R
jx1   x2n+5j dt)
 Mcp 1j _x2j exp( 2
R j _x2j dt)) Mcrt 1jx1j exp( 2 R jx1j dt)
 Mkp 1jx2j exp( 2
R jx2j dt) Mjt 1jx1   
dj exp( 2 R jx1   
dj dt)
 Mjt 1jx1   x2n+5j exp( 2
R
jx1   x2n+5j dt)  s2
  s2  0:
Therefore using the third switching control (24), any trajectory of the drill-string can reach
and stays thereafter on the manifold s = 0 asymptotically, and according to Proposition
1, the state of the system asymptotically converges to the desired equilibrium x.
4. Simulation results
This section presents the simulation results using the proposed sliding-mode con-
trollers. For simplicity, a four-degree-of-freedom drill-string (n = 1) comprising a rotary
table, a drill pipe, a drill collar, and a drill bit is considered here which can be written as
8>>>>>>><>>>>>>>:
Jt t + (cp + crt) _t   cp _1 + kpt   kp1 = u;
J1 1   cp _t + (cp + cr) _1   cr _r   kpt + (kp + kr)1   krr = 0;
Jr r   cr _1 + (cr + cb) _r   cb _b   kr1 + (kr + kb)r   kbb = 0;
Jb b   cb _r + (cb + crb) _b   kbr + kbb + Tb = 0;
(28)
where the model parameters are given in Table 1.
Based on Eq. (6), the sliding surface is dened as
s = ( _t   
d) + 
Z t
0
( _t   
d) d + 
Z t
0
( _t   _b) d; (29)
where  = 0:3, and the desired angular velocity is chosen as 
d = 3 rad/sec. Assume that
the upper bounds are known and given in Table 2.
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Table 1: The physical parameters of the drill-string
Parameter Value
Jt 910 kgm
2
J1 2800 kgm
2
Jr 750 kgm
2
Jb 450 kgm
2
crt 410 Nms=rad
cp 150 Nms=rad
cr 190 Nms=rad
cb 180 Nms=rad
crb 80 Nms=rad
kp 700 Nm=rad
kr 1080 Nm=rad
kb 910 Nm=rad
sb 0:8
cb 0:45
Wob 30 kN
Rb 0:15 m
b 0:85
vf 1
 10 6
Table 2: The estimated physical parameters and upper bounds for the proposed sliding-mode controllers
Parameter Value
J^t 800 kgm
2
k^p 630 Nm=rad
c^p 120 Nms=rad
c^rt 350 Nms=rad
Mjt 150
Mkp 100
Mcp 40
Mcrt 70
According to Theorem 1, the equivalent control is obtained as
ueq = (c^p + c^rt) _t   c^p _1 + k^p(t   1)  J^t ( _t   
d)  J^t ( _t   _b); (30)
and the rst switching control is given by
uIsw =  (Mcpj _t   _1j+Mcrtj _tj+Mkpjt   1j
+Mjt j _t   
dj+Mjt j _t   _bj+ ) sgn(s):
(31)
20
where  = 1 is used in the simulation.
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Figure 6: Time histories of (a) angular velocities of the rotary table (black dash line) and the drill bit
(red solid line), and (b) the control torque (blue solid line) using the sliding-mode control (30) and (31)
with 
d = 3 rad/sec,  = 0:3 and  = 1.
The simulation result using the sliding-mode control (30) and (31) is shown in Fig. 6.
As can be seen from the gure, both the angular velocities of the rotary table and the
drill bit are stabilized to the desired angular velocity at about t = 140 seconds. However
the drill-string exhibits chattering on the rotary table and the control input when the
angular velocity of the rotary table is close to the desired angular velocity.
In order to address the chattering issue, the second switching control based on The-
orem 2 is given as
uIIsw =  (Mcpj _t   _1j+Mcrtj _tj+Mkpjt   1j
+Mjt j _t   
dj+Mjt j _t   _bj+ ) sjsj+   s;
(32)
where  = 1,  = 0:1 and  = 1 are used in the simulation.
Fig. 7 shows the simulation result using the second switching control (32). It can
be seen that the stick-slip oscillations were suppressed once the control was switched on
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Figure 7: Time histories of (a) angular velocities of the rotary table (black dash line) and the drill bit
(red solid line), and (b) the control torque (blue solid line) using the second switching control (32) with

d = 3 rad/sec,  = 0:3,  = 1,  = 0:1 and  = 1.
at t = 33 seconds, and the chattering of the rotary table was removed and the control
input became smooth when the trajectory approached to the manifold s = 0. Fig. 8
presents the time histories of the control inputs using the second switching control (32)
with dierent values of . As can be observed from the gure, when  = 10 4, the control
torque became discontinuous resulting in chattering. The comparison demonstrates that
the selection of  cannot be arbitrary small since the second switching control (32) may
become discontinuous when system trajectory is close to the manifold s = 0. On the
other hand, if  is chosen too large, e.g.  = 0:1 as shown in Fig. 8, the trajectory of
the system cannot reach an acceptable boundary of the sliding surface s = 0, so that a
little deterioration of the tracking errors has to be compromised by choosing a proper
parameter . In order to overcome this limitation, the third switching control based on
22
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Figure 8: Time histories of (a) the control inputs using the second switching control (32) and (b) the
sliding surface, s with 
d = 3 rad/sec,  = 0:3,  = 1,  = 1, and dierent values of  (blue solid line:
 = 10 4; green dash-dot line:  = 0:01; red dash line:  = 0:1).
Theorem 3 is obtained as
uIIIsw =   Mcpj
_t  _1js
jsj+1 exp( 2
R j _t  _1j dt)   Mcrtjtjsjsj+1 exp( 2 R jtj dt)   Mkpjt 1jsjsj+1 exp( 2 R jt 1jdt)
  Mjtj _t 
djsjsj+1 exp( 2 R j _t 
dj dt)   Mjtj _t  _bjsjsj+1 exp( 2 R j _t  _bj dt)   s;
(33)
where 1 = 10
 2, 2 = 10 5, and  = 1 are used in the simulation.
Fig. 9 shows the simulation result using the third switching control (33). It can be
observed from the gure that the stick-slip oscillations were suppressed when the controller
was switched on at t = 33 seconds, and the velocities of the drill bit and the rotary table
were stabilized at about t = 120 seconds. The sliding-mode controller (30) and (33) is
compared with the one proposed in [5] in Fig. 10 for tracking a desired angular velocity

d = 3 rad/sec. As can be seen from the gure, both controllers were switched on at
t = 33 seconds, and the controller proposed in [5] was unable to suppress the stick-slip
oscillations due to parametric uncertainties. Another comparison is made for the two
sliding-mode controllers in Fig. 11 for tracking a desired angular velocity 
d = 4 rad/sec.
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Figure 9: Time histories of (a) angular velocities of the rotary table (black dash line) and the drill bit
(red solid line), and (b) the control torque (blue solid line) using the third switching control (33) with

d = 3 rad/sec,  = 0:3, 1 = 10
 2, 2 = 10 5, and  = 1.
It can be observed that the controller proposed in [5] was able to stabilize the system at
about 3 rad/sec, and the drill-string exhibited stick-slip oscillations again when the WOB
was increased from 30 kN to 40 kN at t = 150 seconds. The reason for such a failure is due
to the fact that the controller proposed in [5] does not have a proper switching control gain
when the physical parameters of the drill-string are unknown. If the switching control
gain is chosen suciently large, the chattering will be induced to the system. While for
the sliding-mode controller (30) and (33), it has a proper estimation of unknown physical
parameters for the switching control gain providing a smooth switching around its sliding
surface.
5. Conclusions
Stabilization of multibody drill-strings exhibiting stick-slip oscillations was studied in
this paper from the point of view of underactuated system using a lumped-parameter
model. The model has one control input acting on the rotary table and multi-degree-
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Figure 10: Time histories of (a) angular velocities of the rotary table (black dash line) and the drill bit
(red solid line) using the third switching control (33), and (b) angular velocities of the rotary table (black
dash line) and the drill bit (red solid line) using the sliding-mode controller in [5] with 
d = 3 rad/sec,
 = 0:3, 1 = 10
 2, 2 = 10 5, and  = 1.
of-freedom downhole parts comprising a series of hollow drill pipes, a number of relative
thicker drill collars, and a drill bit suering highly nonlinear friction to be controlled.
Three motion regimes for the drill-string model were identied and their equilibria were
analyzed accordingly. Sliding-mode control method was applied to the drill-string to
suppress stick-slip oscillations whilst tracking a desired rotary speed when its physical
parameters were unknown.
Three sliding-mode controllers were studied and their stabilities were proved by using
the Lyapunov direct method ensuring that the trajectory of the drill-string can reach and
stayed thereafter on the sliding surface in nite time, and the state of the system was able
to converge to the desired equilibrium asymptotically. The rst proposed sliding-mode
controller was based on the traditional discontinuous sign function which caused system
chattering. For eliminating the issue, a modied switching controller was proposed by
using a continuous function to replace the sign function. Despite the sliding surface does
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Figure 11: Time histories of (a) angular velocities of the rotary table (black dash line) and the drill bit
(red solid line) using the third switching control (33), and (b) angular velocities of the rotary table (black
dash line) and the drill bit (red solid line) using the sliding-mode controller in [5] with 
d = 4 rad/sec,
 = 0:1, 1 = 10
 2, 2 = 10 5, and  = 1.
not tend to zero any more, it is asymptotically bounded. Hence there is a compromise
between a little deterioration of the tracking errors and a large reduction of chattering.
In order to overcome this shortcoming, the third switching controller was studied to
guarantee that the system was asymptotically stable. A four-degree-of-freedom drill-string
model was adopted for simulation studies. Extensive simulation results were given to
compare with another existing sliding-mode controller for demonstrating the eectiveness
of the proposed controllers and their robustness to parametric uncertainties.
6. Appendix
Proof of Theorem 2. Applying the modied switching control (23), the time deriva-
tive of the Lyapunov function (16) becomes
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_V = s[(c^p   cp)(x1   x3) + (c^rt   crt)x1 + (k^p   kp)x2
+(Jt   J^t) (x1   
d) + (Jt   J^t) (x1   x2n+5)
 Mcpjx1   x3j sjsj+  Mcrtjx1j sjsj+  Mkpjx2j sjsj+
 Mjt jx1   
dj sjsj+  Mjt jx1   x2n+5j sjsj+    sjsj+   s]
 j(c^p   cp)(x1   x3)sj+ j(c^rt   crt)x1sj+ j(k^p   kp)x2sj
+j(Jt   J^t) (x1   
d)sj+ j(Jt   J^t) (x1   x2n+5)sj
 Mcpjx1   x3j s2jsj+  Mcrtjx1j s
2
jsj+  Mkpjx2j s
2
jsj+
 Mjt jx1   
dj s2jsj+  Mjt jx1   x2n+5j s
2
jsj+    s
2
jsj+   s2
 [ j(c^p   cp)(x1   x3)j+ j(c^rt   crt)x1j+ j(k^p   kp)x2j
+j(Jt   J^t) (x1   
d)j+ j(Jt   J^t) (x1   x2n+5)j ] jsjjsj+   s2
 [ j(c^p   cp)(x1   x3)j+ j(c^rt   crt)x1j+ j(k^p   kp)x2j
+j(Jt   J^t) (x1   
d)j+ j(Jt   J^t) (x1   x2n+5)j ]  s2:
This implies that for the set  = fs : ksk  pkk=g, it follows that _V < 0, 8s 2 c,
where c is the complement of  and  is given by
 = j(c^p   cp)(x1   x3)j+ j(c^rt   crt)x1j+ j(k^p   kp)x2j
+j(Jt   J^t) (x1   
d)j+ j(Jt   J^t) (x1   x2n+5)j:
This means that the sliding surface does not tend to zero any more, but is bounded
as ksk  pkk=, so that the tracking errors of the system become asymptotically
bounded. However there should be a compromise between a little deterioration of the
tracking errors and a large reduction of chattering.
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